We evaluate the transport properties such as shear viscosity (η), bulk viscosity (ζ) and their ratios over entropy density (s) for hadronic matter using relativistic non-extensive Boltzmann transport equation (NBTE) in relaxation time approximation (RTA). In NBTE, we argue that the system far from equilibrium may not reach to an equilibrium described by extensive (Boltzmann-Gibbs (BG)) statistics but to a q-equilibrium defined by Tsallis non-extensive statistics after subsequent evolution, where q denotes the degree of non-extensivity. We observe that η/s and ζ/s initially decrease rapidly with the temperature (T ) for various q-values while they become independent of q at higher T . As q increases, the magnitudes of η/s and ζ/s increase in the lower temperature region. We also show the upper mass cutoff dependence of these ratios for a particular q and find that they decrease with the increase in mass cutoff of hadrons. Further, we present the first estimation of isothermal compressibility (κT ) using non-extensive Tsallis statistics at finite baryon chemical potential (µB). It is observed that, κT changes significantly with the degree of non-extensivity. We also study the squared speed of sound (c 2 s ) as a function of temperature at finite baryon chemical potential for various q and upper mass cutoff. It is noticed that there is a strong impact of q and mass cutoff on the behaviour of c 2 s .
I. INTRODUCTION
High-energy heavy-ion collisions provide an opportunity to probe the nuclear matter under extreme conditions i.e. at high temperature and/or energy density. The space-time evolution of a system formed in heavyion collisions is governed by its dissipative properties such as shear viscosity (η), bulk viscosity (ζ) etc. The spatial anisotropy created in heavy-ion collisions gets converted to the momentum anisotropy of the produced particles due to the pressure gradient. The equilibration of momentum anisotropy is governed by the shear viscosity. The AdS/CFT calculation shows that there is a lower bound to the value of shear viscosity to entropy density ratio (η/s) for any fluid found in nature. The lower bound (known as the Kovtun-Son-Starinets (KSS) bound) has been set to the value of 1/4π in natural units [1, 2] . The elliptic flow measurements at Relativistic Heavy-Ion Collider (RHIC) experiment have found that the η/s is close to the KSS bound, which developed intense interest in this ratio of the strongly interacting matter described by quantum chromodynamics (QCD) [3, 4] . Also, a peak in Bulk viscosity to entropy density ratio (ζ/s) is expected near QCD critical temperature (T c ), where conformal symmetry breaking might be significant as expected by various effective models [5] [6] [7] . Other interesting thermodynamic properties are the isothermal compressibility (κ T ) and speed of sound (c s ), * Corresponding author: Raghunath.Sahoo@cern.ch which are used to define the equation of state of the system and quantify the softest point of the phase transition along with the location of the critical point [8] .
Due to high multiplicities produced in high-energy collisions, the statistical models are more suitable to describe the particle production mechanism. Such a statistical description of transverse momentum (p T ) of final state particles produced in high-energy collisions has been proposed to follow a thermalized Boltzmann-Gibbs (BG) distribution. But, a finite degree of deviation from the equilibrium statistical description of p T spectra has been observed by experiments at RHIC [9, 10] and Large Hadron Collider (LHC) [11] [12] [13] [14] . Fortunately, for anomalous systems, where the usual ergodicity is violated such as the states in large systems involving long range forces between particles and metastable states in small systems where the number of particles are relatively smaller, a generalized BG entropy has been introduced by C. Tsallis [15, 16] . Recently, a growing attention has been paid towards the possible non-extensive effects in thermodynamics and statistical mechanics [17, 18] as well as to explain the particle spectra in high-energy hadronic and heavy-ion collisions [19] [20] [21] [22] [23] [24] . The nuclear modification factor has also been successfully described by using Tsallis non-extensive statistics in Boltzmann Transport equation (BTE) with relaxation time approximation (RTA) [25, 26] .
The aim of the present paper is to study various dissipative properties such as shear and bulk viscosities using the relativistic non-extensive Boltzmann transport equation (NBTE), where we employ the RTA for the collision term. In NBTE, we assume that a non-equilibrium system, which dissipates energy and produces entropy, measured by the non-extensive parameter q, relaxes to a local q-equilibrium after a certain relaxation time τ . The hadrons are treated as classical Boltzmann particles and the elastic scattering processes are taken into account. A similar approach has been employed in Ref. [27] , where an extensive statistics is used in BTE to calculate the transport coefficients. Here, we extend the approach using Tsallis non-extensive statistics and calculate shear viscosity, bulk viscosity and their ratios over entropy density. First time, we quantify the isothermal compressibility for a hadronic matter using non-extensive statistics. We also calculate the squared speed of sound of hadron resonance gas at finite baryon chemical potential. In view of high-multiplicity events at the LHC and the observation of increase of particle multiplicity driving the system towards thermodynamic equilibrium [28] , it becomes important to study these dissipative properties of the systems which are away from equilibrium.
The paper runs as follows. In section II, the dissipative properties such as shear and bulk viscosities are derived using the relaxation time approximation of the relativistic NBTE. The formulation of isothermal compressibility and squared speed of sound in non-extensive statistics are also given. In section III, the results and discussions are presented. Finally, we summarize with the findings of this work in section IV.
II. FORMULATION
We follow the approach mentioned in Ref. [27] to calculate the dissipative properties such as shear and bulk viscosity for a hadronic matter using non-extensive statistics. We start with the BTE given by,
where v i p is the velocity of i th particle and F i p is an external force acting on i th particle. I(f p ) is the collision integral which gives the rate of change of the non-equilibrium distribution function f p when the system approaches qequilibrium.
Assuming no external force and proceeding with the RTA, the collision integral can be approximated as,
where τ (E p ) is the relaxation time or collision time and f 0 p is the Tsallis distribution function, which is given by,
where u is the fluid velocity and + sign corresponds to fermions while − sign stands for bosons. T and µ are temperature and chemical potential, respectively. The function e (x) q is defined as,
and in the limit q → 1, it reduces to the standard exponential i.e. lim q→1 e (x) q = e (x) . Now, the stress-energy tensor (T µν ) can be written as,
where T µν 0 is the ideal part of the stress-energy tensor and T µν dissi is the dissipative part of the stress-energy tensor. In the hydrodynamical description of QCD, shear and bulk viscosities enter in the dissipative part of the stressenergy tensor, which can be written (in the local Lorentz frame) as,
In terms of distribution function, this can be expressed as,
where δf p is the deviation of the distribution function from the q-equilibrium and is given by (from Eqs. 1 and 2),
Assuming a steady flow of the form u i = (u x (y), 0, 0) and space-time independent temperature, Eq. 6 simplifies to T xy = −η∂u x /∂y. Now, from Eqs. 7 and 8, we get (using µ = 0),
Thus the coefficient of shear viscosity for a single component of hadronic matter can be expressed as,
The bulk viscosity (ζ) is related to the dissipation when the system is uniformly compressed. From Eq. 6,
and using Eqs. 7 and 8 we get,
Now, using the conservation law for energy-momentum i.e. ∂ µ T µν = 0, one can obtain [29] 
where, c 2 s is the squared speed of sound at constant baryon density.
For a multi-component hadron gas at finite chemical potential, the shear and bulk viscosities can be written as,
and,
Here E 2 a = p 2 + m 2 a and the barred quantities represent the antiparticles. f 0 a is the distribution function for a th particle. Now, the energy dependent relaxation time is given as,
) is the transition rate defined as,
Here |M| is the transition amplitude.
In the center-of-mass frame, Eq. 16 can be simplified as,
where v ab is the relative velocity and √ s is the centerof-mass energy. σ ab is the total scattering cross-section in the process
For further simplification, τ (E a ) can be approximated to averaged relaxation time ( τ ) [30] and it can be obtained from Eq. 18 by averaging over f 0 a as,
Here n b = The thermal average for the scattering of same species of particles with constant cross-section at zero baryon density can be calculated as follows [27, 31, 32] .
The momentum space volume elements can be written as,
The numerator in Eq. 20 can be written as,
and the denominator can be written as,
Now, using the generalized Tsallis non-extensive statistics for q-equilibrium, the σ ab v ab can be written as,
Here σ is the hadronic cross-sections used as a parameter in the calculations. Using Eqs. 19 and 24, the relaxation time can be calculated. Now, shear and bulk viscosities are calculated using Eqs. 14 and 15, respectively. The other thermodynamic quantities in non-extensive statistics are calculated as [33] ,
n, and P are the number density, energy density and pressure of hadrons, respectively. The non-extensive entropy s can be calculated from the above expression as,
We use the basic expression for addition of entropies while calculating it for the multicomponent hadron gas, which is given by,
where s(A + B) is the total entropy of A and B. s(A) and s(B) are the entropies of A and B, respectively.
We have also calculated the isothermal compressibility for hadron gas using non-extensive statistics. The isothermal compressibility (κ T ) is defined as [34] ,
where V is the volume of the system. Again in terms of fluctuation and average number, isothermal compressibility can be expressed as [34, 35] ,
Using the relation (N − N ) 2 = V T ∂n ∂µ , Eq. 31 can further be expressed in terms of number density and compressibility,
where ∂n q ∂µ is given as,
In hydrodynamics, speed of sound plays an important role in understanding the Equation of State (EoS) and hence, the associated phase transition. This is because of the fact that speed of sound depends on the properties of the medium. The squared speed of sound (c 
It is already well established that speed of sound must be calculated at a constant entropy to particle ratio. The c 
Here we do not consider the strangeness neutrality condition for the sake of simplicity. The term dµ B dT can be calculated using the constant entropy per particle (s/n) condition [36, 37] , and given as,
III. RESULTS AND DISCUSSIONS
In this section, we present the results and discussions of the dissipative and thermodynamic properties of hadronic matter calculated in the NBTE using relaxation time approximation, where non-extensive statistics is used as the q-equilibrium distribution function. We consider all hadrons and their resonances with a mass cutoff of 2.0 GeV. First, we estimate various dissipative properties of hadron gas such as shear viscosity to entropy density ratio (η/s) and bulk viscosity to entropy density ratio (ζ/s). We use Eq. 14 and 28 to estimate η/s for zero baryon chemical potential. Here, we calculate the relaxation time of a th hadron by using Eq. 19, where a constant hadronic collision cross-sections (σ) = 29 mb is taken [27] . The results of shear viscosity (η) of hadrons as a function of temperature (T ) are presented in the top panel of Figure 1 for various q-values. We find that η increases slightly with the temperature which is almost similar to that observed in Ref. [27] , where Excluded-Volume Model with extensive statistics is used. But, for q-values greater than 1.11, η changes its behaviour and decreases with T . η has smaller values for lower q and vice-versa, which goes in line with the observation that the transport coefficients become less as the system goes towards equilibrium and vice-versa. Middle panel presents the variations of shear viscosity to entropy density ratio (η/s) with respect to temperature at zero baryon chemical potential, where different lines are for different q-values. Here, solid horizontal line is the KSS bound. The general behaviour of η/s is similar to that observed in Ref. [27] . This ratio decreases with T at all q-values due to rapid increase in entropy density and gets closer to KSS bound at higher temperatures. As the degree of non-extensivity, q increases, the magnitude of η/s increases in the low temperature region. After T ≈ 0.110 GeV, η/s becomes q-independent which suggest that there is no effect of non-extensivity on this ratio above this temperature. This is a very important finding while understanding the dissipative properties, non-extensivity and the effect of temperature of the system. For comparison, we have also shown the calculation of η/s for hadron gas at zero baryon chemical potential using Boltzmann-Gibbs distribution function shown by the grey solid line, which lies lowest among other results obtained using non-extensive statistics. This is due to the fact that the values of transport coefficients increase as we go towards non-equilibrium. η/s as a function of temperature is presented in the lower panel of the figure for q = 1.07 for various upper mass cutoff of hadrons. We find that the magnitude of η/s decreases with the increasing mass cutoff. This effect is less pronounced for higher mass cutoffs.
In Figure 2 , we discuss the results of bulk viscosity (ζ) and its ratio to entropy density (s) calculated by using Eqs. 15 and 28 at zero baryon chemical potential. Again, we take a constant value of hadronic cross-section (σ) equal to 29 mb while calculating the relaxation time (τ ). The upper panel represents ζ versus T plot for different values of non-extensive parameter, q. We observe that ζ increases slightly as T increases for lower q but after q = 1.11, it changes its behaviour and decreases with the increasing T . This behaviour is similar to that observed for η. In the middle panel, we show the variations of bulk viscosity to entropy density ratio (ζ/s) at µ B = 0 for various q-values. We find that ζ/s decreases rapidly with T for all q and becomes q-independent after T ≈ 0.140 GeV. The value of ζ/s is higher for higher q-values. We also observe that ζ/s approaches an asymptotic value at a particular T , which is found to be higher for higher q-values. These findings suggest that the degree of approach towards an asymptotic value is sensitive to the non-extensive parameter, q. This goes inline with the expectations of dissipative properties of a system in approach to thermal equilibrium. In the lower panel, we show the upper mass cutoff dependence of ζ/s for q = 1.07. We observe similar effect of mass cutoff on this ratio as observed in the case of η/s i.e. as we increase the upper mass cutoff of hadron resonance gas its magnitude decrease. This effect is most prominent at higher T while significant change does not occur at lower temperature.
Next, we discuss one of the important thermodynamic observables i.e. isothermal compressibility (κ T ), which has drawn considerable interest in these days. It is very interesting to quantify this observable for a hot and dense hadron gas formed in hadronic and heavy-ion collisions. In [8] , κ T is first time estimated for hadrons produced in heavy-ion collisions in extensive statistics using Hadron Resonance Gas (HRG) model. In this work, we have used non-extensive statistics for the calculation of κ T . In Figure 3 , results of κ T as a function of temperature at µ B = 0 are shown. It is observed that κ T initially decreases rapidly at low temperatures and becomes constant at higher temperatures for all the q-values. The temperature at which κ T becomes constant depends on the q-value. As q increases the value of κ T decrease and the temperature at which it becomes constant shifts towards the lower values, which suggests that there is a strong dependence of κ T on non-extensivity. Figure 4 describes the dependence of isothermal compressibility on temperature at µ B = 0.5 GeV for various q. We find a similar behaviour of κ T in this case as observed for zero baryon chemical potential but comparatively has smaller values.
Further, in order to see the effect of upper mass cutoff of hadrons on κ T , we proceed as follows. We calculate κ T at µ B = 0.5 GeV for q = 1.07, which is shown in the Fig. 5 as a function of temperature. Again, a similar trend is obtained over all the temperatures as observed in the previous plots and as the upper mass cutoff increases, values of κ T decreases. This effect is more pronounced upto mass cutoff of 1 GeV and after that it gets weaker. κ T becomes independent of system temperature when higher resonances are added to the system. Hence a system is driven towards a critical behaviour, once we have resonances of higher masses as the ingredients of the system.
Another important thermodynamical observable is speed of sound. We use Tsallis statistics to calculate the squared speed of sound (c 2 s ) for finite baryon chemical potential. In [38] , the temperature and mass cutoff dependence of c find that c 2 s initially increases with T and after reaching at a maximum value it starts decreasing. The maximum in this observable, which is related to the criticality shifts towards lower T as q increases and disappears after q = 1.13. These findings are same as observed for the case of µ B = 0 [38] . In Figure 7 , the mass cutoff dependence of c 2 s is shown for q = 1.13 and µ B = 0.5 GeV. The criticality in c 2 s disappears when lower mass cutoff is reached, which advocates that criticality of the system depends on the number of hadrons present in the system. Also, we find that c 2 s increases with the mass cutoff, which goes in line with the previous observations [38, 39] . 
IV. SUMMARY
In summary, we have studied the transport coefficients using the relativistic non-extensive Boltzmann transport equation (NBTE), where we employ the relaxation time approximation for the collision integral. Here, we have extended the approach using Tsallis non-extensive statistics as q-equilibrium distribution function and calculated shear and bulk viscosity to the entropy density ratios. We have also calculated isothermal compressibility and squared speed of sound using Tsallis statistics at finite baryon chemical potential for different q. The important findings of this work are summarized as follows:
1. We have found that the ratios of shear and bulk viscosity to entropy density have a strong dependence on non-extensivity. Their values increase with the increasing q-parameter at lower temperatures while they become independent of q at higher temperatures.
2. We have observed the effect of mass cutoff on these ratios and as mass cutoff increases the magnitudes of these ratios decrease. These effects are more pronounced at higher values of temperature.
3. We have first time studied the effect of nonextensive parameter, q on isothermal compressibility. We have studied the temperature dependence of isothermal compressibility for various q-values and observed that it decreases rapidly with temperature and becomes constant at higher temperatures. The temperature at which the isothermal compressibility shows a saturation, may indicate an appearance of criticality in the system, which is dependent on q and shifts towards lower values for higher q-values.
4. While studying the temperature dependence of isothermal compressibility for various q-values, it has been found that the values of κ T are smaller for higher q. It has also been found that, its values decrease at finite baryon chemical potential in comparison to that obtained at zero baryon chemical potential.
5. We have found that, isothermal compressibility strongly depends on the upper mass cutoff of hadron resonances and decreases with the increasing mass cutoffs. It becomes independent of system temperature when higher resonances are added to it. Hence a system is driven towards a critical behaviour, once we have resonances of higher masses.
6. It is observed that as the non-extensivity of the system increases the criticality shifts towards lower temperatures and disappears after q = 1.13. We have also noticed a strong dependence of criticality on mass cutoff. As upper mass cutoff decreases the criticality of the system disappears.
